We consider metric-affine scenarios where a modified gravitational action is sourced by electrovacuum fields in a three dimensional space-time. Such scenarios are supported by the physics of crystalline structures with microscopic defects and, in particular, those that can be effectively treated as bi-dimensional (like graphene). We first study the case of f (R) theories, finding deviations near the center as compared to the solutions of General Relativity. We then consider Born-Infeld gravity, which has raised a lot of interest in the last few years regarding its applications in astrophysics and cosmology, and show that new features always arise at a finite distance from the center. Several properties of the resulting space-times, in particular in presence of a cosmological constant term, are discussed.
I. INTRODUCTION
One hundred years after the development of Einstein's theory of General Relativity (GR), many experimental results have confirmed its success [1] . This theory, however, is still troubled by the presence of space-time singularities [2] , where it breaks down and loses its reliability. In this sense, there is the widespread belief that the solution to this problem will be achieved once GR and quantum theory merge into a single, unified framework -a quantum theory of gravity-, like in string theory [3] or loop quantum gravity. Another approach to this problem consists of obtaining some insights using classical theories of gravity including higher-order corrections in the curvature invariants [4] . The simplest such example is that of f (R) theories, where f is a given function of the curvature scalar, R. Indeed, such an approach has allowed to shape different astrophysical and cosmological phenomena (see e.g. [5] for a review).
Given the mathematical complexity of GR and its extensions, a useful way to study their physics relies on considering their three dimensional counterparts [6] . Here analytic solutions can be obtained and characterized, which might provide useful insights for four dimensional black hole physics. Indeed, three dimensional black holes may arise from effective descriptions of four dimensional gravity in string theory [7] . In this simplified scenario, a relevant finding is that of the BTZ solution [8] (see also [9] ), where a nonsingular Anti-de Sitter space-time arises as a bound state separated from the continuous black hole spectrum by a mass gap. This solution and its extensions have been widely studied due to their potential implications within the AdS/CFT correspondence [10] and systems of condensed matter physics. Indeed, regular solutions sourced by an electromagnetic field date back to the Bardeen solution [11] and its nonlinear extensions [12] . In three space-time dimensions, regular black hole solutions have been obtained as generalizations of the Bardeen solution [13] . Other three dimensional spacetimes include wormhole solutions in nonlinear electrodynamics [14, 15] , charged shells scenarios [16] , black holes with dilaton fields [17] , magnetic solutions [18] , and further extensions of the BTZ solution [19] .
When dealing with extensions of GR, however, one is immediately faced with the troubles of higher-order field equations and ghost-like instabilities. One is then forced to constrain the parameters of the theory (when possible) in order to get rid of such undesirable features [20] . However, another approach to this problem comes from the study of crystalline structures and, in particular, Bravais crystals in solid state physics [21] . At the microscopic level they are defined by a discrete net-like arrangement of atoms. However, it has been found that at the macroscopic level they admit a description in terms of an effective differential geometry [22] . If the crystal contains no defects on its microscopical structure, then the appropriate geometry is the standard Riemannian one of GR. However, all crystals contain defects of different sorts, and the Riemannian description no longer holds. A metric-affine geometry becomes necessary [23] . If such defects are point-like then one has non-metricity [24] (the line-like defects called dislocations require instead Cartan's torsion [25] ), which implies that metric and affine connection are not constrained by the standard compatibility condition of GR (i.e., the latter is not given by the Christoffel symbols of the former), but are instead independent entities (see [26] for a pedagogical discussion). Independent variations of the action are then performed with respect to the metric and the connection, and the specific form of the latter is determined through the corresponding equation [27] . It turns out that this approach leads to second-order equations and absence of dynamical instabilities for a large family of gravitational theories.
The application of this framework to a three dimensional space-time could be of great relevance regarding some systems of solid state physics like graphene, which consists of an extremely thin layer of hexagonal atoms [28] , so it can be effectively treated as bi-dimensional. The presence of defects on its microstructure raises the interest in the consideration of metric-affine theories. Let us point out, however, that these geometrical scenarios have received little attention so far and, consequently, they are still poorly understood. The goal of this paper is to made a modest step in this direction, and consider metric-affine gravities with non-metricity in a three dimensional space-time. We focus on two classes of theories, f (R) and Born-Infeld gravity, the latter being supported by some results of solid state physics systems with defects. The dynamics of the new gravitational system is excited by considering an electromagnetic (Maxwell) field.
II. f (R) THEORIES IN METRIC-AFFINE APPROACH
The action of our theory is given by
where κ 2 is Newton's constant in suitable dimensions, g is the determinant of the space-time metric g µν , f (R) is a given function (unspecified at this stage) of the curvature scalar R = g µν R µν with the definition R µν ≡ R α µαν , where
is the Riemann tensor. S m is the matter action and it depends on the matter fields, denoted collectively as ψ m , and is assumed to only couple through the metric. In these definitions, the connection Γ λ µν is a priori independent of the metric (metric-affine or Palatini approach). In addition, we shall assume vanishing torsion, T λ µν ≡ Γ λ µν − Γ λ νµ = 0 [29] . As we will be interested in electrovacuum space-times, and to work as general as possible, the matter sector of our theory is that of nonlinear electrodynamics, with action
where ϕ(X) is a given function of the field invariant X = − 1 2 F µν F µν constructed with the field strength tensor F µν = ∂ µ A ν − ∂ ν A µ , with A µ the vector potential. To obtain the field equations for the theory defined by Eqs. (1) and (3) with the constraints above, we perform independent variations with respect to the metric and the connection, which yields (the details of this variation can be found in [30] for arbitrary dimension, and thus we only bring here the final result)
where we have introduced the short-hand notation f R ≡ df /dR, and T µν = − 2 √ −g δSm δg µν is the energy-momentum tensor of the matter, which is obtained as
where ϕ X ≡ dϕ/dX. Non-metricity appears explicitly in this framework through Eq.(5). Before solving these equations, let us first take a trace in (4), which yields
where T = 2ϕ − 4Xϕ X is the trace of T µν . Note that (7) is not a differential equation but just an algebraic relation R = R(T ) extending the GR one, R = −κ 2 T , to the case of metric-affine f (R) gravity coupled to nonlinear electrodynamics. This implies that f (R) is just a function of the matter fields. Now, to solve the system of field equations (4) and (5) we take advantage of the fact that (5) can be formally rewritten as the standard metric-compatibility condition, namely
which means that Γ λ µν is the Levi-Civita connection of a rank-two tensor h µν . A little algebra shows that the relation between g µν and h µν is given by the conformal transformation
In terms of h µν the metric field equations (4) admit the following simple representation
This is a set of Einstein-like second-order field equations for the metric h µν , with the right-hand-side only depending on the matter fields. The field equations for g µν follow from those of h µν through the matter-dependent conformal transformation of Eq. (9) and, therefore, they are second-order as well. In vacuum, T µ ν = 0, the field equations boil down to those of GR with possibly a cosmological constant term, depending on the particular f (R) function chosen. In summary, the system of equations (10), with the relations (6), (7) and (9) provide a solution for a given problem once the forms of f (R) and ϕ(X) are specified.
We note that the field equations (10) are in sharp contrast with the more standard case of the metric formulation of f (R) gravity (see e.g. [31, 32] for reviews of the theory and confrontation between these two approaches), where they take the form
This is a set of fourth-order differential field equations, whose resolution is, in general, a non-trivial task. In this sense, simplifications such as that of constant curvature, R = R 0 , which allows to remove the contribution of the fourth-order terms, allows for the obtention of explicit solutions (see e.g. [31] ). In our case, the presence of nonmetricity, Q µνλ ≡ ∇ µ g νλ , which measures the failure of the independent connection to be metric with respect to g µν [33] , introduces a relative (conformal) deformation between the Riemannian structure associated to h µν , and that associated to the physical metric g µν . Note that, because of the different structure of the field equations and methodology followed to find analytical solutions in the metric and metric-affine approaches, here we will be mostly interested on comparing the deviations with respect to GR.
A. Electrovacuum solutions
We are interested in solving the field equations for a three dimensional, static, spherically symmetric line element of the form
For a purely electric field the only-nonvanishing component of the field strength tensor in this setting is
, it follows that this component satisfies
where q is an integration constant identified as the electric charge associated to a given solution. To formulate the matter side of the field equations (10) in a way independent of the metric, we note that in terms of X = q 2 /(r 2 ϕ 2 X ) the energy-momentum tensor reads
To proceed further, we need to specify the choice for f (R) and ϕ(X). For the gravity part, we consider the theory
by computational convenience, since the trace equation (7) yields the linear relation R = −2κ 2 T , thus simplifying the analytic resolution of the field equations. In this theory α is some constant (with dimensions), assumed to be small, which controls the deviation with respect to GR solutions, to which the new configurations will be compared. For the matter section, we take the choice ϕ(X) = X/(4π), corresponding to Maxwell electrodynamics, which in three dimensions yields a non-vanishing trace T = q 2 /(4πr 2 ) (in four dimensions, however, the Maxwell energy-momentum tensor is traceless and one needs to use a nonlinear theory of electrodynamics like the Born-Infeld one in order to obtain modified dynamics [34] ). Thus we have R = 2r 2 q /r 2 , where r 2 q = κ 2 q 2 /(4π) is a charge scale. Next we introduce two line elements, one for the metric h µν as
and another for g µν as
where r 2 (x) andr 2 (x) are, in general, functions of the coordinate x, while ξ(x) and A(x) are functions to be determined by solving the field equations and the functions B(x) and C(x) follow by consistency from the relations (9) . Inserting (16) into (10) , and taking into account the matter symmetry, T t t = T x x , from the combination R t t = R x x it follows that ξ(x) =constant. Through some redefinitions, and without loss of generality, the line element (16) can be rewritten as
Introducing the standard mass ansatz in three dimensions, A(x) = −M (x), from the component ( θ θ ) of the field equations (10) one finds
The relation between the coordinates x and r(x) also follows from Eqs.(9) as x = f R r(x), which simply implies a shift in the radial coordinate so dx/dr = 1. Let us first assume α > 0. Introducing a new variable z ≡ √ 2r/(3αr q ), we perform the integration of the mass 
Using again Eq.(9), we find B(x) = A(x)/f 2 R and, therefore, a full solution to this problem is achieved. For large distances, we get f R ∼ 1 and dG/dz ∼ 1/z, which upon integration yields G(z) ∼ log(z), and the standard solution found in GR, A(x) = −M 0 − 2r 2 q log[z], is recovered [13] . Note that this asymptotic behaviour is neither flat nor (Anti-)de Sitter, which is a generic feature of any such solutions in three dimensions in absence of cosmological constant term
The integration of (20) is analytical, and can be expressed as
As one gets close to z = 0, deviations with respect to the GR solution are found. Going back to the coordinate r to compare with the GR case, the function A(r)/f 2 R can be expanded in series around r = 0 (defining a new constantα ≡ 3α/ √ 2 = 0) as
This expansion implies that, for any value ofα = 0, at the center all the solutions approach A(r)/f 2 R → 0 (as compared to A GR → +∞ in the GR case) due to the factor 1/f 2 R , which goes to 0 due to the unboundness of the Maxwell field. In terms of horizons, a numerical analysis determines that, depending on the values of M 0 and r q , there will be a single horizon (like in GR) or none (see Fig.1 ). The horizon disappears for a fixed value of r q , whenα >α c (r q ), whereα c (r q ) is a critical value that grows with r q . This dramatic change in the behaviour of the metric at the center for anyα = 0 translates into a worsening of the degree of divergence of the curvature invariants. For example, the Kretchsman scalar, K ≡ R α βγδ R α βγδ , behaves as ∼ r 4 q /r 4 in the GR case, but as ∼ 1/r 8 in the f (R) case. This space-time seems to be quite pathological.
Let us consider now the case withα = −α > 0. In terms of a variable z = r/(αr q ), we now find
2 , whose integration yields
This function ceases to be defined at z = 1. Therefore, the metric function A(r)/f 2 R is only defined for r > r qα , and behaves around this region as
which means that for anyα = 0 it goes to +∞ as r → r qα , which is the same behaviour as the GR solutions. In this case the strength of the central divergence is softened, from K = 12r 2 q /r 4 in the GR case, to the dominant term K ≃ 64r 2 q /(α 2 (r − r qα )) 2 . A horizon exists in all cases, and all solutions approach the GR one for r → ∞ (see Fig.2 ). These results are quite similar to the behaviour of solutions found in four dimensional metricaffine f (R) gravity with a nonlinear electromagnetic field [34] .
Despite the different methodologies pursued in the metric-affine and metric approaches for f (R) gravity mentioned above, let us mention that four dimensional spherically symmetric space-times have been largely investigated in the latter, including analytical solutions of f (R) = R 2 [35] , Reissner-Nordström-like solutions with a de Sitter center in f (R) = R + aR 2 with non-linear electrodynamics [36] , perfect fluid solutions [37] , spherically symmetric stars and Schwarzschid de Sitter solutions in f (R) = R − γ/R [38, 39] , and constant curvature solutions in several f (R) models [40] .
III. BORN-INFELD GRAVITY
We turn now our attention to an extension of GR that has attracted a great deal of attention in the last few years, dubbed as Born-Infeld gravity [41] , with many applications in astrophysical and cosmological scenarios [42] . For conceptual and technical simplicity, we can conveniently express its action as
where q is the determinant of the new metric q µν ≡ g µν + ǫR µν (Γ), and ǫ is a small parameter with dimensions of length squared, which controls the deviation from GR. The meaning of λ follows from a series expansion in ǫ as
where the first term corresponds to GR with a cosmological constant term Λ = λ 2 −1 ǫ , and the second term are quadratic corrections. This just a particular case of a family of Lagrangians that can be written under the form f (R, R µν R µν ). Let us stress that, when formulated in the metric-affine approach, its field equations are also second-order and ghost-free, as has been shown in four-dimensional settings [43] . It is also worth pointing out that a three dimensional model of this f (R, R µν R µν ) form has been found a few years ago by Bergshoeff, Hohm and Townsend, with the interesting property that its formulation in the standard metric approach is ghost-free at the tree level [44] .
The meaning of the new metric q µν follows from the implementation of the metric-affine approach, so independent variations of the action (25) with respect to the metric g µν and the connection Γ λ µν yields the system of equations
so the independent connection is compatible with the metric q µν (but not with the space-time metric g µν , since ∇ Γ λ ( √ −gg µν ) = 0). The Born-Infeld gravity action (25) can be seen as the comparison of two dimensional volume elements between the Riemannian metric q µν and the non-Riemannian one λg µν . As shown by Katanaev and Volovich [45] , such a comparison provides a natural measurement of the mass of point defects in crystalline structures, which is computed according to the difference of (two dimensional) volume between a defected crystal (as described by g µν ) and an idealized perfect crystal without defects (defined by q µν ). Since point defects break metricity [23] , the action (25) in metric-affine approach with non-metricity seems to be favoured by the physics of crystalline structures.
From Eq. (28) we see that the independent connection Γ λ µν is given by the Christoffel symbols of q µν which, therefore, carries the same meaning as h µν in the f (R) case. Now the relation between g µν and q µν can also be expressed through the algebraic transformation
where we have defined a new object,Υ ≡ |Ω| 1/2Ω−1 , with the components of the matrixΩ given by Ω α ν ≡ g αβ q βν . In terms of this matrix, the Born-Infeld Lagrangian in Eq. (25) is simply expressed as f BI = |Ω| 1/2 [46] and the metric field equations become
so once the energy-momentum tensor is specified,Ω can be fully determined. In addition, this equation implies thatΩ only depends on the matter energy-momentum tensor, T µ ν . From the definition ǫR µν (Γ) = q µν − g µν , we raise an index with the metric q αν and use the above equation to write the field equations in terms of q µν as
where the Born-Infeld gravity Lagrangian is expressed as
In summary, Born-Infeld gravity admits a similar representation as f (R) theories in three space-time dimensions. The relation between g µν and q µν is not conformal, but still governed by algebraic transformations only depending on the matter-energy sources, T µ ν . In addition, the same considerations regarding the second-order field equations and the recovery of GR in vacuum holds also in this case.
For an electromagnetic field (14) , the equation (30) can be solved by introducing the ansatẑ
where I 2×2 and0 are the identity and zero matrices, respectively, and we have defined the objects Ω − = (λ +X) 2 , Ω + = (λ −X)(λ +X) withX = ǫκ 2 4π X. The field equations (31) in this case take the form
As in the f (R) case, the source symmetry T t t = T x x allows to write a metric in the form (16) , and the mass ansatz in three space-time dimensions, A(x) = −M (x), yields a single independent equation to be solved:
From (29) and the equations above, it follows that the relation between coordinates in the q µν and g µν geometries is given by x 2 = r 2 Ω − , which implies dx/dr = Ω + /Ω 1/2 − . Plugging this result into (35) we obtain
Let us now introduce the length scale ǫ = l 2 ǫ and the charge scale r 2 q = κ 2 q 2 /(4π) which, together with the space-time mass, M 0 , characterize the function
and admits an analytic integration, namely which completely determines the metric function B(r) = A/Ω + . The expansion of this function for r → ∞ yields
which means that we find asymptotically de Sitter solutions if l To study the behaviour around the center of the solutions let us first focus on the case l 2 ǫ > 0. We note that, given the fact that Ω + vanishes at a non-vanishing (core) radius r = l ǫ r q /λ 1/2 , the series expansion around it yields the dominant term
This provides an involved interplay between the mass and charge parameters characterizing a solution, M 0 and r q , the constant characterizing the far-distance behaviour, λ, and the length scale l do not, though all cases asymptotically approach the GR solution, as already mentioned.
Let us consider now the behaviour at the center for those solutions withl 
Let us focus again on the case λ = 1. The line element for g µν can now be conveniently expressed as
where the radial coordinate r(x) is explicitly written as
The behaviour close to the center, for any values of the parameters M 0 and r q , and length scalel 2 ǫ is qualitatively the same. For growing values ofl 2 ǫ each curve smoothly deviates from their GR counterparts, and the finite-radius core beyond which they all cease to exist grows as well. As in the GR case, there is always a cosmological horizon for any value ofl 2 ǫ (see Fig.4 ). Note that the reason for the existence of this finite-size core is due to the presence of the object Ω + in the metric function A/Ω + , which vanishes at r = l ǫ r q /λ 1/2 when l 2 ǫ > 0, or at r =l ǫ r q /λ 1/2 whenl 2 ǫ > 0. The latter also corresponds to x = 0 due to the change of coordinates (43) . Note that, in the equation defining the relation between coordinates, x 2 = r 2 Ω − , we have extracted a square root using the (+) solution. To extend the solution to the region x < 0 in the casel 2 ǫ > 0 we could consider the (−) solution there, thus replacing x by its absolute value in (43) . Bearing this in mind, the solutions could be extended to the region x < 0 using two charts, namely, r + for x > 0 and r − for x < 0 or, instead, a single chart for the coordinate x covering the whole space-time, x ∈] − ∞, +∞[. However, the matching of these geometries at x = 0 is not smooth since dr/dx| x=0 = 0 [see Eq. (43)]. Indeed, at x = 0, using Mathematica we find the Kretchsmann scalar, K = R α βµν R α βµν , is dominated by a curvature divergence of strength
which is milder than in the GR case (for large distances we get K ≃ 12r 2 q /r 4 , the standard GR behaviour). Despite this unpleasant behaviour, the surface x = 0 have some interesting properties. For example, an explicit computation of the electric charge flowing through the surface x = 0 can be done through the flux integral
where * F is Hodge dual, and the integration takes place over a boundary defined by close hypersphere S 1 , where 2π is the volume of the unit S 1 sphere. An important property of this flux is that its rate of growth with the core "area", S = 2πr, defines a natural constant, i.e., the density of the flux
is independent of the particular amounts of mass and charge, depending only on the fundamental constants G, c (through Newton's gravitational constant in three dimensions, κ 2 ) and the length scalel ǫ . Whenl 2 ǫ → 0, this finite-structure disappears and the standard pointlike singularity of GR is recovered. However, the nonsmoothness of the change of coordinates dr/dx at x = 0 seems to prevent a wormhole-type extension, as opposed to the case of four dimensional Born-Infeld gravity [43] .
Let us now discuss briefly the case of solutions with λ = 1, according to the asymptotic behaviour given by Eq. (39) . We have investigated numerically this question and the following structures are found:
When l 2 ǫ > 0 and λ > 1 we find the same number and type of horizons as in the GR case, but now with an asymptotically de Sitter behaviour, instead of ∼ −2r These behaviours resemble what it is usually find in other (Anti-)de Sitter backgrounds, like in the context of Gauss-Bonnet gravity [47] .
IV. CONCLUSIONS
In this work we have considered two families of modified gravity theories sourced by electromagnetic fields. Using results from crystalline structures in solid state physics, where the presence of point defects on their microstructure requires a metric-affine framework for their proper description at the macroscopic level, we have obtained the equations for these theories from independent variations with respect to metric and connection. Motivated by the existence of some ordered structures with defects which can be effectively treated as bi-dimensional systems (like graphene), we have considered metric-affine gravities with non-metricity in a three dimensional spacetime. The resulting formalism has several advantages with respect to the standard metric formalism of modified gravity, like second-order equations in all cases or the recovery of GR in vacuum.
Explicit solutions to an f (R) model were found and characterized. While for large distances they boil down to their GR counterparts, close to the center large deviations are found. The case of f (R) with α > 0 seems to be quite pathological, as the metric at the center of the solutions vanishes for any finite value of α, with a worse degree of divergence of the curvature invariants there. This has led us to consider a crystal-motivated action, as given by Born-Infeld gravity, where a finite-size structure arises as long as l 2 ǫ is non-zero, replacing the standard pointlike singularity of GR. When λ = 1, and depending on the choice of parameters, standard horizon structures of black holes may arise. Our results support the interpretation of l 2 ǫ as a natural scale around a point defect where the geometry may largely deviates from the GR counterpart. Further investigation on these geometries could avoid the shortcoming of the typical space-time singularities of the Riemannian structure which, however, seems to be in conflict with the fact that well defined geometries exist in the case of crystalline structures with defects. To get further into this question, one should consider the geodesic behaviour in these scenarios with more realistic energy-matter sources, a topic which has received little attention in the literature so far. In summary, the metricaffine formulation seems to be a more appropriate formalism to deal with defected crystals, which encourages further research on the field to identify potential experimental signatures resulting from non-metricity. Progress in this sense is currently underway.
